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On some p-adic Galois representations and form class groups
Ho Yun Jung, Ja Kyung Koo, Dong Hwa Shin and Dong Sung Yoon
Abstract
Let K be an imaginary quadratic field other that Q(
√−1) and Q(√−3), and let HK be
its Hilbert class field. For each prime p we examine two p-adic abelian objects in view of class
field theory. First, we investigate the image of a p-adic Galois representation of Gal(Q/HK)
attached to an elliptic curve with complex multiplication. Second, we construct a p-adic
form class group that is isomorphic to a quotient group of Gal(K(p∞)/HK), where K(p∞) is
the maximal abelian extension of K unramified outside prime ideals lying above p.
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1
1 Introduction
Let K be an imaginary quadratic field of discriminant dK with ring of integers OK . We denote
by HK the Hilbert class field of K which is the maximal unramified abelian extension of K. Fur-
thermore, for a prime p we let K(p∞) be the maximal abelian extension of K unramified outside
prime ideals lying above p. (See [7, Chapter V] or [2, §8] for global class field theory.) In this
paper, we shall deal with two abelian objects associated with the Galois group Gal(K(p∞)/HK).
For a positive integer N , let WK,N be a Cartan subgroup of GL2(Z/NZ) assigned to the
(Z/NZ)-algebra OK/NOK given in (10). It will be a consequence of Stevenhagen’s description
of the Shimura reciprocity law ([21] and [25]) that Gal(K(p∞)/HK) is isomorphic to WK,p∞/UK ,
whereWK, p∞ = lim←−nWK,pn and UK is the subgroup corresponding to the units inOK (Corollary
4.2). We shall give some links between this result and a two dimensional p-adic Galois repre-
sentation when K is different from Q(
√−1) and Q(√−3), in the following first main theorem
(Theorem 8.4):
Theorem A. There exists a p-adic Galois representation ρp∞ : Gal(Q/HK)→ GL2(Qp) whose
image is a subgroup of WK,p∞ of index 1 or 2. In particular, if p is an odd prime which does
not split in K so that [K(p) : HK ] is even, then the image of ρp∞ coincides with WK,p∞ .
Recently, Lozano-Robledo ([18]) tried to classify all possible images of p-adic Galois repre-
sentations attached to elliptic curves E with complex multiplication defined over Q(j(E)) and
prove an analogue of Serre’s open image theorem ([20]) in CM case. His work seems to contain
wider results than those in §7–8 including Theorem A, however, we shall adopt the theory of
modular functions and the Shimura reciprocity law to achieve our goal in a concrete way.
The second main theorem deals with the construction of a class group of binary quadratic
forms over Zp. Let QZp(dK) be the set of all primitive binary quadratic forms over Zp of
discriminant dK on which the group SL2(Zp) has the right action as
Qα
([
x
y
])
= Q
(
α
[
x
y
])
(Q ∈ QZp(dK), α ∈ SL2(Zp)).
The problem is that the induced equivalence relation from the set QZp(dK) is too strong to get a
sufficiently large p-adic form class group which is related to Gal(K(p∞)/HK). See Cassels’ book
[1, Lemma 3.1 in Chapter 14].
Let K be other than Q(
√−1) and Q(√−3), and let Q0 = Q0(x, y) be the principal form of
discriminant dK , that is,
Q0 =

x2 + xy +
1− dK
4
y2 if dK ≡ 1 (mod 4),
x2 − dK
4
y2 if dK ≡ 0 (mod 4).
Note that the subset
Q0,Zp(dK) =
{
Qα0 | α ∈ SL2(Zp) such that the coefficient of x2 in Qα0 is a unit in Zp
}
2
of QZp(dK) is stable under the action of the subgroup
Tp =
{[
1 t
0 1
]
| t ∈ Zp
}
of SL2(Zp) (Lemma 9.3). The action of Tp yields an equivalence relation ∼0,Zp on Q0,Zp(dK),
from which we consider the set of equivalence classes
C0,Zp(dK) = Q0,Zp(dK)/ ∼0,Zp .
In [4] Eum, Koo and Shin introduced the notion of extended form class group CN (dK) which
is a generalization of the classical form class group of discriminant dK (when N = 1) developed
by Gauss ([6]) and Dirichlet ([3]). See also [2, §3 and §7]. The group CN (dK) is a class group
of certain primitive binary quadratic forms over Z of discriminant dK and is isomorphic to
Gal(K(N)/K), where K(N) denotes the ray class field of K modulo NOK . We shall show that
the subgroup
C0, N (dK) =
{
[Qα0 ] | α ∈ SL2(Z) such that the coefficient of x2 in Qα0 is prime to N
}
of CN (dK) corresponds to Gal(K(N)/HK) (Corollary 5.2), and hence the inverse limit C0, p∞(dK) =
lim←−k C0, pk(dK) is isomorphic to Gal(K(p∞)/HK) via an isomorphism φ0, p∞. Let I0, p∞(dK) be
the subgroup of C0, p∞(dK) associated with the isotropy subgroup of Q0 in SL2(Zp) which will
be defined in (27). The second main theorem is as follows (Theorem 10.4):
Theorem B. The set C0,Zp(dK) can be given a group structure so that
C0,Zp(dK) ≃ Gal(K(p∞)/HK)/φ0, p∞(I0, p∞(dK)).
In a recent paper [11] Jung, Koo and Shin established an isomorphism
CN (dK) → Gal(K(N)/K)
[Q] 7→ (f(−ωQ0) 7→ f(−ωQ) | f ∈ Q(X1(N)) is finite at − ωQ0) ,
where ωQ is the zero of the quadratic polynomial Q(x, 1) in the complex upper half-plane, and
Q(X1(N)) is the field of meromorphic functions on modular curves X1(N) for the congruence
subgroup Γ1(N) with rational Fourier coefficients. We further expect to attain a p-adic form
class group related to Gal(K(p∞)/K) by using the theory of modular curves at infinite level
developed by J. Weinstein ([26]).
2 Elliptic curves with complex multiplication
In this section, we shall find models for elliptic curves with complex multiplication which will
be used for our first main theorem (Theorem 8.4).
For a lattice Λ in C, let E/C be an elliptic curve that is complex analytically isomorphic to
C/Λ. Then E has an affine model in Weierstrass form
E : y2 = 4x3 − g2x− g3 (1)
3
where
g2 = g2(Λ) = 60
∑
ω∈Λ\{0}
1
ω4
and g3 = g3(Λ) = 140
∑
ω∈Λ\{0}
1
ω6
.
Furthermore, the map
C/Λ → E(C) ⊂ P2(C)
z + Λ 7→ [℘(z; Λ) : ℘′(z; Λ) : 1] (2)
is an isomorphism of complex Lie groups, where
℘(z; Λ) =
1
z2
+
∑
ω∈Λ\{0}
(
1
(z − ω)2 −
1
ω2
)
(z ∈ C)
is the Weierstrass ℘-function which is an even elliptic function for Λ. Letting j = j(E) = j(Λ)
be the j-invariant of E, we set
J =
1
1728
j =
g32
∆
with ∆ = ∆(Λ) = g32 − 27g23 (6= 0).
In particular, if J 6= 0, 1 and so g2, g3 6= 0, then one can obtain by (1) and (2) another model
and parametrization of E as
C/Λ
∼→ E(C) : y2 = 4x3 − J(J − 1)
27
x− J
(
J − 1
27
)2
z + Λ 7→
[
g2g3
∆
℘(z; Λ) :
√(g2g3
∆
)3
℘′(z; Λ) : 1
]
.
(3)
Here, we take the principal branch for
√(g2g3
∆
)3
.
Let K be an imaginary quadratic field and OK be its ring of integers. Let
τK =

−1 +√dK
2
if dK ≡ 1 (mod 4),
√
dK
2
if dK ≡ 0 (mod 4),
and so OK = [τK , 1] = ZτK + Z. If we set Λ = OK , then E has complex multiplication by
OK ([24, Theorem 4.1 in Chapter VI]). Moreover, if K is different from Q(
√−1) and Q(√−3),
then J(OK) 6= 0, 1 by the homogeneity of g2(Λ) and g3(Λ) ([2, p. 193]). In this case, we denote
by EK the elliptic curve with the model and parametrization given in (3). For v =
[
v1 v2
]
∈
M1, 2(Q) \M1, 2(Z), let
Xv =
g2(OK)g3(OK)
∆(OK) ℘(v1τK + v2; OK), (4)
Yv =
√(
g2(OK)g3(OK)
∆(OK)
)3
℘′(v1τK + v2; OK). (5)
For convenience, we set
Xv = 0, Yv = 1 for v ∈M1, 2(Z).
By the basic properties of the Weierstrass ℘-function, we get the following lemma.
4
Lemma 2.1. Let u, v ∈M1, 2(Q) \M1, 2(Z).
(i) Xu = Xv if and only if u ≡ ±v (mod M1, 2(Z)).
(ii) Y−v = −Yv and Yv+n = Yv for n ∈M1, 2(Z).
(iii) Yv = 0 if and only if 2v ∈M1, 2(Z).
Proof. See [2, §10.A].
For a positive integer N , let EK [N ] be the subgroup of EK(C) consisting of N -torsion points.
Then we have
EK [N ] = {[X0 : Y0 : 0]} ∪ {[Xv : Yv : 1] | v 6= 0 and Nv1, Nv2 ∈ {0, 1, . . . , N − 1}}.
3 Modular functions
We shall introduce some meromorphic modular functions which will help us examine the exten-
sion field of HK generated by the N -torsion points on EK (Proposition 6.3).
The modular group SL2(Z) acts on the complex upper half-plane H by fractional linear
transformations, that is,
γ(τ) =
aτ + b
cτ + d
(γ =
[
a b
c d
]
∈ SL2(Z), τ ∈ H).
Let j(τ) be the elliptic modular function defined on H, namely,
j(τ) = j([τ, 1]) (τ ∈ H).
Lemma 3.1. The map SL2(Z)\H→ C sending an orbit of τ to j(τ) is a well-defined bijection.
Proof. See [15, Theorem 4 in Chapter 3].
For v =
[
v1 v2
]
∈M1, 2(Q) \M1, 2(Z), the Fricke function fv defined on H is given by
fv(τ) = −2735 g2([τ, 1])g3([τ, 1])
∆([τ, 1])
℘(v1τ + v2; [τ, 1]) (τ ∈ H).
Note that if u, v ∈M1, 2(Q) \M1, 2(Z) such that u ≡ ±v (mod M1, 2(Z)), then two functions fu
and fv are equal. For a positive integer N , let
FN =
{
Q(j(τ)) if N = 1,
Q (j(τ), fv(τ) | v ∈M1, 2(Q) \M1, 2(Z) such that Nv ∈M1, 2(Z)) if N ≥ 2.
Then FN is a Galois extension of F1 whose Galois group is isomorphic to GL2(Z/NZ)/{±I2}
([21, Theorem 6.6]). Furthermore, FN coincides with the field of meromorphic modular functions
for the principal congruence subgroup
Γ(N) = {α ∈ SL2(Z) | α ≡ I2 (mod NM2(Z))}
5
whose Fourier coefficients belong to the Nth cyclotomic field Q(ζN ) with ζN = e
2πi/N ([21,
Proposition 6.9]).
Note that the group GL2(Z/NZ)/{±I2} can be decomposed as
GL2(Z/NZ)/{±I2} = SL2(Z/NZ)/{±I2} ·GN = GN · SL2(Z/NZ)/{±I2}
where GN is the subgroup of GL2(Z/NZ)/{±I2} given by
GN =
{[[
1 0
0 d
]] ∣∣∣∣ d ∈ (Z/NZ)×
}
.
The action of GL2(Z/NZ)/{±I2} (≃ Gal(FN/F1)) on FN can be explained as follows: First, if
σ is an element of SL2(Z/NZ)/{±I2} obtained from a matrix γ in SL2(Z), then its action on
FN is
fσ = f ◦ γ (f ∈ FN ). (6)
Second, if
[[
1 0
0 d
]]
is an element of GN with d ∈ (Z/NZ)× and f ∈ FN has Fourier expansion
f(τ) =
∑
n≫−∞
c(n)qn/N (c(n) ∈ Q(ζN ), q = e2πiτ ),
then
f
[[
1 0
0 d
]]
=
∑
n≫−∞
c(n)σdqn/N
where σd is the automorphism of Q(ζN ) given by ζN 7→ ζdN .
For v =
[
v1 v2
]
∈ M1, 2(Q) \M1, 2(Z), the Siegel function gv defined on H is given by the
infinite product expansion
gv(τ) = −q(1/2)B2(v1)eπiv2(v1−1)(1− qz)
∞∏
n=1
(1− qnqz)(1− qnq−1z ) (τ ∈ H) (7)
where qz = e
2πiz with z = v1τ +v2 and B2(x) = x
2−x+1/6 is the second Bernoulli polynomial.
Note that gv has neither a zero nor a pole on H. One can refer to [22] or [12, §2.1] for the
original definition of gv.
Proposition 3.2. For N ≥ 2, let {m(v)}v∈(1/N)M1, 2(Z)\M1, 2(Z) be a family of integers such
that m(v) = 0 except for finitely many v. Then the finite product∏
v
g
m(v)
v
is a meromorphic modular function for Γ(N) if∑
v
m(v)(Nv1)
2 ≡
∑
v
m(v)(Nv2)
2 ≡ 0 (mod N gcd(2, N)),∑
v
m(v)(Nv1)(Nv2) ≡ 0 (mod N),∑
v
m(v) gcd(12, N) ≡ 0 (mod 12).
6
Proof. See [12, Theorems 5.2 and 5.3].
Remark 3.3. We say that v ∈ M1, 2(Q) is primitive modulo N (≥ 2) if N is the smallest
positive integer so that Nv ∈M1, 2(Z). Let VN be the set of all such v’s. As mentioned in [12,
p. 33] a family {hv}v∈VN of functions in FN is called a Fricke family of level N if
(i) hu = hv whenever u, v ∈ VN satisfy u ≡ ±v (mod M1, 2(Z)),
(ii) hγv = hvγ for all v ∈ VN and γ ∈ GL2(Z/NZ)/{±I2} (≃ Gal(FN/F1)).
As is well known, {fv}v∈VN and {g12Nv }v∈VN are Fricke families of level N ([21, Theorem 6.6]
and [12, Proposition 1.3 in Chapter 2]). In [8] and [10] Jung, Koo and Shin examined several
properties and applications to class field theory of these typical examples of a Fricke family.
Lemma 3.4. If v =
[
v1 v2
]
∈M1, 2(Q) such that 2v 6∈M1, 2(Z), then
℘′(v1τ + v2; [τ, 1]) = −η(τ)6 g2v(τ)
gv(τ)4
(τ ∈ H)
where η(τ) is the Dedekind η-function given by
η(τ) =
√
2πζ8q
1/24
∞∏
n=1
(1− qn) (τ ∈ H).
Proof. See [13, p. 852].
4 The Shimura reciprocity law
Let K be an imaginary quadratic field of discriminant dK (< 0). In this section, we shall obtain
a description of Gal(K(p∞)/HK) for a prime p by using the Shimura reciprocity law.
By the classical theory of complex multiplication owing to Kronecker, Weber, Hasse and
Deuring, we have
HK = K(j(τK)), (8)
K(N) = K(f(τK) | f ∈ FN is finite at τK) (9)
for a positive integer N ([15, Theorem 1 and Corollary to Theorem 2 in Chapter 10]). Shimura
revisited this result by developing the theory of canonical models for modular curves and the
reciprocity law ([21, Theorem 6.31 and Proposition 6.33]). Let min(τK , Q) = x
2 + bKx + cK
(∈ Z[x]), and let
WK,N =
{
γ =
[
t− bKs −cKs
s t
]
| s, t ∈ Z/NZ such that γ ∈ GL2(Z/NZ)
}
(10)
which is the Cartan subgroup of GL2(Z/NZ) associated with the (Z/NZ)-algebra OK/NOK
with ordered basis {τK +NOK , 1 +NOK}. Furthermore, let
UK =

{±I2} if K 6= Q(
√−1), Q(√−3),{±I2, ± [ 0 −11 0 ]} if K = Q(√−1),{±I2, ± [−1 −11 0 ] , ± [ 0 −11 1 ]} if K = Q(√−3)
7
which is a subgroup of SL2(Z). If
rN : SL2(Z) → SL2(Z/NZ)
denotes the reduction moduloN , then rN (UK) is a subgroup ofWK,N . The following proposition
due to Stevenhagen gives a simple description of a part of the Shimura reciprocity law.
Proposition 4.1. We have a surjection
WK,N → Gal(K(N)/HK)
γ 7→ (f(τK) 7→ f γ˜(τK) | f ∈ FN is finite at τK) (11)
whose kernel is rN (UK). Here, γ˜ means the image of γ in GL2(Z/NZ)/{±I2} (≃ Gal(FN/F1)).
Proof. See [25, §3].
By ψN we mean the homomorphism given in (11). For each prime p, let
WK,p∞ =
{
γ =
[
t− bKs −cKs
s t
]
| s, t ∈ Zp such that γ ∈ GL2(Zp)
}
which is a subgroup of GL2(Zp).
Corollary 4.2. Let p be a prime, and let K(p∞) be the maximal abelian extension of K un-
ramified outside prime ideals lying above p. Then Gal(K(p∞)/HK) is isomorphic to WK, p∞/UK .
Proof. By the fact Gal(Fpn/F1) ≃ GL2(Z/pnZ)/{±I2} (n ≥ 1) and Proposition 4.1, we
obtain the inverse system of short exact sequences
...

...

...

0 // rpn(UK) //

WK, pn
ψpn
//

Gal(K(pn)/HK) //

0
...

...

...

0 // rp2(UK) //

WK, p2
ψ
p2
//

Gal(K(p2)/HK) //

0
0 // rp(UK) //WK,p
ψp
// Gal(K(p)/HK) // 0
whose first and second vertical maps are reductions and the third vertical maps are restrictions.
Since the inverse system {rpn(UK)}n≥1 satisfies the Mittag-Leffler condition, we get the exact
sequence
0 // lim←−
n≥1
rpn(UK) // lim←−
n≥1
WK,pn // lim←−
n≥1
Gal(K(pn)/HK) // 0
8
([17, Proposition 10.3]). Moreover, since
lim←−
n≥1
WK,pn ≃WK,p∞ , lim←−
n≥1
rpn(UK) ≃ UK (→֒ WK, p∞),
lim←−
n≥1
Gal(K(pn)/HK) ≃ Gal(
⋃
n≥1
K(pn)/HK) = Gal(K(p∞)/HK),
we conclude that Gal(K(p∞)/HK) is isomorphic to WK, p∞/UK .
Proposition 4.3. Assume that K 6= Q(√−1), Q(√−3) and N ≥ 2.
(i) We have
K(N) = HK
(
X[ 0 1N ]
)
= HK
(
Xv | v ∈ 1
N
M1, 2(Z) \M1, 2(Z)
)
.
(ii) We find that
X
ψN (γ)
v = Xvγ (v ∈ 1
N
M1, 2(Z) \M1, 2(Z), γ ∈WK,N ).
Proof. Note first that
Xv = − 1
2735
fv(τK) (v ∈ 1
N
M1, 2(Z) \M1, 2(Z)).
(i) For the first equality, see (8) and [15, Corollary to Theorem 7]. The second equality follows
from (9) and the fact fv ∈ FN .
(ii) This is due to Remark 3.3 and Proposition 4.1.
Remark 4.4. Proposition 4.3 (i) is a consequence of the main theorem of the theory of
complex multiplication. By using the Kronecker limit formula and some arithmetic properties
of Fricke functions, Jung, Koo, Shin and Yoon ([9] and [14]) improved Proposition 4.3 (i) as
K(N) = K
(
X[ 0 1N ]
)
or K
(
X[ 0 2N ]
)
,
which gave a partial answer to a problem of Hasse and Ramachandra ([5, p. 91] and [19, p.
105]).
5 Extended form class groups
As a groundwork for the construction of a p-adic form class group (Theorem 10.4), we shall
investigate some necessary properties of extended form class groups.
From now on, we let K be an imaginary quadratic field other than Q(
√−1) and Q(√−3).
For a positive integer N , let QN (dK) be the set of some binary quadratic forms over Z defined
by
QN (dK) =
{
ax2 + bxy + cy2 ∈ Z[x, y] | gcd(a, b, c) = 1, b2 − 4ac = dK , a > 0, gcd(a, N) = 1
}
.
9
The congruence subgroup
Γ1(N) =
{
γ ∈ SL2(Z) | γ ≡
[
1 ∗
0 1
]
(mod NM2(Z))
}
acts on the right on the set QN (dK), which yields the equivalence relation ∼N as
Q ∼N Q′ ⇐⇒ Q′ = Qγ = Q
(
γ
[
x
y
])
for some γ ∈ Γ1(N)
([4, Proposition 2.1 and Definition 2.2]). Denote by CN (dK) the set of equivalence classes,
namely,
CN (dK) = QN (dK)/ ∼N .
For each Q = ax2 + bxy + cy2 ∈ Q1(dK), let ωQ be the zero of Q(x, 1) in H, that is,
ωQ =
−b+√dK
2a
.
One can readily check that for Q, Q′ ∈ Q1(dK) and α ∈ SL2(Z)
ωQ = ωQ′ ⇐⇒ Q = Q′ (12)
and
ωQα = α
−1(ωQ). (13)
Let Cl(NOK) be the ray class group of K modulo NOK . Recently, Eum, Koo and Shin showed
that the map
CN (dK) → Cl(NOK)
[Q] 7→ [[ωQ, 1]] = [ZωQ + Z]
is bijective, from which one can regard CN (dK) as a group with identity element [Q0] which
is isomorphic to Cl(NOK) ([4, Theorem 2.9]). We call this group CN (dK) the extended form
class group of discriminant dK and level N . Moreover, the fact Cl(NOK) ≃ Gal(K(N)/K)
and the original version of the Shimura reciprocity law ([21, Theorem 6.31]) give the following
proposition.
Proposition 5.1. We have the isomorphism
CN (dK) ∼→ Gal(K(N)/K)
[Q] = [ax2 + bxy + cy2] 7→
(
f(τK) 7→ f
[
a
b−bK
2
0 1
]
(ωQ) | f ∈ FN is finite at τK
)
.
(14)
Proof. See [4, Theorem 3.10].
Note that ωQ0 = τK and Q0 = x
2 + bKxy + cKy
2. Let C0, N (dK) be the subset of CN (dK)
defined as
C0, N (dK) = {[Qα0 ] | α ∈ SL2(Z) such that Qα0 ∈ QN (dK)}.
Let φN : CN (dK)→ Gal(K(N)/K) be the isomorphism in (14).
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Corollary 5.2. We have φ−1N (Gal(K(N)/HK)) = C0, N (dK).
Proof. We see that for Q ∈ QN (dK)
[Q] ∈ φ−1N (Gal(K(N)/HK)) ⇐⇒ φN ([Q])|HK = idHK
⇐⇒ j(τK) = j(ωQ) by (8), the fact j(τ) ∈ F1 and Proposition 5.1
⇐⇒ τK = α(ωQ) for some α ∈ SL2(Z) by Lemma 3.1
⇐⇒ Q0 = Qα−1 for some α ∈ SL2(Z) by (12) and (13)
⇐⇒ Q = Qα0 for some α ∈ SL2(Z)
⇐⇒ [Q] ∈ C0, N (dK).
Thus we obtain φ−1N (Gal(K(N)/HK)) = C0, N (dK).
Remark 5.3. Proposition 4.1 and Corollary 5.2 imply that C0, N (dK) ≃ WK,N/rN ({±I2}).
Now we want to find an explicit description for the isomorphism of C0, N (dK) ontoWK,N/rN ({±I2}).
Let [Qα0 ] ∈ C0, N (dK) with α =
[
A B
C D
]
∈ SL2(Z) such that Qα0 ∈ QN (dK). If we write
Qα0 = ax
2 + bxy + cy2, then we have
a = A2 + bKAC + cKC
2,
b = 2AB + bK(AD +BC) + 2cKCD,
c = B2 + bKBD + cKD
2.
We then find by Proposition 4.1 that for any f ∈ FN which is finite at τK
φN ([Q])(f(τK)) = f
[
a
b−bK
2
0 1
]
(ωQ)
= f
[
a
b−bK
2
0 1
]
(α−1(τK)) by (13)
= f
[
a
b−bK
2
0 1
]
α−1
(τK) by (6)
= f
[
A+bKC cKC
−C A
]
(τK).
Thus we obtain the isomorphism
C0, N (dK) ∼→ WK,N/rN ({±I2})[
Q
[
A B
C D
]
0
]
7→
[[
A+ bKC cKC
−C A
]]
.
Lemma 5.4. Let α, γ ∈ SL2(Z) such that Qα0 , Qγ0 ∈ QN (dK). If Qγ0 ≡ Q0 (mod NZ[x, y]),
then
[Qα0 ][Q
γ
0 ] = [Q
γ
0 ][Q
α
0 ] = [Q
γα
0 ] in C0, N (dK).
Proof. Write Qα0 = ax
2 + bxy + cy2. Let f ∈ FN which is finite at τK . We then see by
Proposition 5.1 that
φN ([Q
α
0 ][Q
γ
0 ])(f(τK)) = φN ([Q
γ
0 ][Q
α
0 ])(f(τK)) since C0, N (dK) is abelian
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= φN ([Q
γ
0 ])(f
[
a
b−bK
2
0 1
]
(ωQα
0
))
= φN ([Q
γ
0 ])(f
[
a
b−bK
2
0 1
]
(α−1(τK))) by (13)
= φN ([Q
γ
0 ])(f
[
a
b−bK
2
0 1
]
α−1
(τK)) by (6)
= f
[
a
b−bK
2
0 1
]
α−1I2
(ωQγ
0
) by the assumption Qγ0 ≡ Q0 (mod NZ[x, y])
= f
[
a
b−bK
2
0 1
]
α−1
(γ−1(τK)) by (13)
= f
[
a
b−bK
2
0 1
]
(α−1(γ−1(τK))) by (6)
= f
[
a
b−bK
2
0 1
]
((γα)−1(τK))
= φN ([Q
γα
0 ])(f(τK)) because Q
γα
0 ≡ (Qγ0)α ≡ Qα0 (mod NZ[x, y]).
This observation yields again by Proposition 4.1 that [Qα0 ][Q
γ
0 ] = [Q
γ
0 ][Q
α
0 ] = [Q
γα
0 ] as desired.
6 The field of N-torsion points
For an integer N ≥ 2, let LN be the extension field of K obtained by adjoining the j-invariant
and the coordinates of N -torsion points on the elliptic curve EK , that is,
LN = K(j(EK), EK [N ])
= K
(
j(τK), Xv, Yv | v =
[
v1 v2
]
∈M1, 2(Q) such that Nv1, Nv2 ∈ {0, 1, . . . , N − 1}
)
.
The purpose of this section is to show that LN is an extension field of K(N) of degree at most 2.
Proposition 6.1. The field LN is an abelian extension of K(j(τK)) = HK . Moreover, there
exists a representation
Gal(LN/HK) →֒ GL2(Z/NZ) (≃ Aut(EK [N ]))
induced from the right action of Gal(LN/HK) on EK [N ] which is defined as follows: If σ ∈
Gal(LN/HK), then [X0 : Y0 : 0]
σ = [X0 : Y0 : 0] and
[Xv : Yv : 1]
σ = [Xσv : Y
σ
v : 1] (v ∈
1
N
M1, 2(Z) \M1, 2(Z)).
Proof. See [23, Theorem 2.3 in Chapter II].
Lemma 6.2. If u, v ∈M1, 2(Q) such that 2v 6∈M1, 2(Z), then Yu
Yv
lies in K(N).
Proof. Observe that Yv 6= 0 by Lemma 2.1 (iii). We obtain by Lemma 3.4 and the definition
(5) that
Yu
Yv
= g(τK) with g(τ) =
g2u(τ)gv(τ)
4
gu(τ)4g2v(τ)
.
Since the function g(τ) belongs to FN by Proposition 3.2 and (7), we conclude by (9) that g(τK)
lies in K(N).
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Proposition 6.3. The field LN is an extension of K(N) of degree at most 2, generated by
Y[ 0 1N ]
. In particular, we have L2 = K(2).
Proof. We see that
LN = K(N)
(
Yv | v =
[
v1 v2
]
∈M1, 2(Q) such that Nv1, Nv2 ∈ {0, 1, . . . , N − 1}
)
by (8) and Proposition 4.3 (i)
=
{
K(2) if N = 2,
K(N)
(
Y[ 0 1N ]
)
if N ≥ 3 by Lemmas 2.1 (iii) and 6.2.
Moreover, it follows from the relation
Y 2[ 0 1N ]
= 4X3[ 0 1N ]
− J(J − 1)
27
X[ 0 1N ]
− J
(
J − 1
27
)2
and again by Proposition 4.3 (i) that [LN : K(N)] = 1 or 2.
7 Galois representations attached to elliptic curves
Let N ≥ 2. Using the Shimura reciprocity law and Proposition 6.3, we shall determine the
image of a Galois representation of Gal(LN/HK) attached to EK .
We take
B =
{[
X[ 1N 0 ]
: Y[ 1N 0 ]
: 1
]
,
[
X[ 0 1N ]
: Y[ 0 1N ]
: 1
]}
as an ordered basis for the Z/NZ-module EK [N ]. Note that for v ∈ (1/N)M1, 2(Z) \M1, 2(Z),
the coordinate row vector of [Xv : Yv : 1] (∈ EK [N ]) is
[
Nv1 Nv2
]
which is well defined
modulo NM1, 2(Z). Let
ρN : Gal(LN/HK) →֒ GL2(Z/NZ)
be the representation stated in Proposition 6.1 with respect to the basis B.
Lemma 7.1. Let β ∈M2(Z) such that gcd(det(β), N) = 1. If
vβ ≡ ±v (mod M1, 2(Z)) for each v ∈ 1
N
M1, 2(Z) \M1, 2(Z), (15)
then β ≡ ±I2 (mod NM2(Z)).
Proof. We obtain by putting v =
[
1
N 0
]
and
[
0 1N
]
in (15) that
β ≡
[
±1 0
0 ±1
]
(mod NM2(Z)).
Then we get the assertion by letting v =
[
1
N
1
N
]
in (15).
Proposition 7.2. The image of the representation ρN is a subgroup of WK,N of index
[WK,N : ρN (Gal(LN/HK))] =
{
1 if N = 2 or [LN : K(N)] = 2,
2 otherwise.
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Proof. Let σ ∈ Gal(LN/HK). If we let γ = ρN (σ), then we have
Xσv = Xvγ and Y
σ
v = Yvγ (v ∈
1
N
M1, 2(Z) \M1, 2(Z))
by the choice of B. On the other hand, we get by Propositions 4.1 and 4.3 (ii) that
Xσv = Xvα for some α ∈WK,N (v ∈
1
N
M1, 2(Z) \M1, 2(Z)),
and hence
Xvγ = Xvα (v ∈ 1
N
M1, 2(Z) \M1, 2(Z)).
Thus we attain by Lemma 2.1 (i) that
vγ ≡ ±vα (mod M1, 2(Z)) for each v ∈ 1
N
M1, 2(Z) \M1, 2(Z).
It then follows from Lemma 7.1 that
γ = ±α in GL2(Z/NZ),
which implies that ρN (Gal(LN/HK)) is a subgroup of WK,N .
Moreover, since [LN : K(N)] ≤ 2 and L2 = K(2) by Proposition 6.3, we derive that
|ρN (Gal(LN/HK))| = |Gal(LN/HK)| because ρN is injective
=
{
2|Gal(K(N)/HK)| if [LN : K(N)] = 2,
|Gal(K(N)/HK)| if [LN : K(N)] = 1
=
{
2|WK,N/rN ({±I2})| if [LN : K(N)] = 2,
|WK,N/rN ({±I2})| if [LN : K(N)] = 1
by Proposition 4.1
=

|WK,N | if N ≥ 3 and [LN : K(N)] = 2,
1
2 |WK,N | if N ≥ 3 and [LN : K(N)] = 1,
|WK,N | if N = 2.
This completes the proof.
Remark 7.3. Consider the case where ρN (Gal(LN/HK)) is a subgroup of WK,N of index 2,
equivalently, N ≥ 3 and [LN : K(N)] = 1. If ρN (Gal(LN/HK)) contains −I2 and so ρN (σ) = −I2
for some σ ∈ Gal(LN/HK), then we achieve by Lemma 2.1 (i) and (ii) that
Xσ[ 0 1N ]
= X[ 0 1N ](−I2)
= X[ 0 1N ]
and Y σ[ 0 1N ]
= Y[ 0 1N ](−I2)
= −Y[ 0 1N ].
This yields by Proposition 4.3 (i) that Y[ 0 1N ]
does not belong to K(N), which contradicts
[LN : K(N)] = 1. Thus we must have
ρN (Gal(LN/HK)) 6∋ −I2.
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8 Some p-adic Galois representations
Let p be a prime. We shall prove our first main theorem on the image of the p-adic Galois
representation of Gal(Q/HK) induced from its action on the p-adic Tate module of the elliptic
curve EK . (See [24, §III.7].)
Lemma 8.1. There is a positive integer k such that
ρpn(Gal(Lpn/HK)) ∩ {−I2} =
{
{−I2} for all n ≥ k, or
∅ for all n ≥ k.
Proof. If there is a positive integer k such that ρpn(Gal(Lpn/HK))∩{−I2} = {−I2} for all
n ≥ k, then we are done.
Now, consider the case where ρpk(Gal(Lpk/HK)) ∩ {−I2} = ∅ for some positive integer k. If
ρpℓ(Gal(Lpℓ/HK)) contains −I2 for some ℓ > k, then the commutative diagram
Gal(Lpℓ/HK)
ρ
pℓ
//

GL2(Z/p
ℓZ)

Gal(Lpk/HK)
ρ
pk
// GL2(Z/p
kZ)
shows that ρpk(Gal(Lpk/HK)) also contains −I2, which gives a contradiction. Therefore,
ρpn(Gal(Lpn/HK)) ∩ {−I2} = ∅ for all n ≥ k.
Lemma 8.2. Let p be an odd prime which does not split in K so that [K(p) : HK ] is even.
Then, ρpn(Gal(Lpn/HK)) contains −I2 for every n ≥ 1.
Proof. Since
|ρpn(Gal(Lpn/HK))| = |Gal(Lpn/HK)| = [Lpn : K(p)][K(p) : HK ]
which is even by hypothesis, ρpn(Gal(Lpn/HK)) contains a matrix γ =
[
a b
c d
]
∈ GL2(Z/pnZ)
of order 2. Here we observe that in M2(Z/p
nZ), γ satisfies
γ2 − (a+ b)γ + (ad− bc)I2 = O2, γ 6= I2 and γ2 = I2,
and so
(a+ d)γ = (1 + ad− bc)I2. (16)
There are two possible cases: a+ d 6≡ 0 (mod p) or a+ d ≡ 0 (mod p).
Case 1. If a+ d 6≡ 0 (mod p), then one can readily find that γ = −I2.
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Case 2. If a+ d ≡ 0 (mod p), then by (16) we attain
1− d2 − bc ≡ 0 (mod p). (17)
On the other hand, since ρpn(Gal(Lpn/HK)) is a subgroup of Wpn by Theorem 7.2, we
have
γ =
[
t− bKs −cKs
s t
]
for some s, t ∈ Z/pnZ.
Thus we obtain by the assumption a+ d ≡ 0 (mod p) and (17) that
(t− bKs) + t ≡ 0 (mod p) and 1− t2 + cKs2 ≡ 0 (mod p).
It then follows from the fact b2K − 4cK = dK that
dKs
2 ≡ 4 (mod p),
and hence
p ∤ dK and
(
dK
p
)
= 1.
This case does not happen by the hypothesis on p.
Remark 8.3. For an odd prime p, we have the degree formula
[K(p) : HK ] =

(p− 1)2
2
if p splits in K,
(p− 1)p
2
if p is ramified in K,
p2 − 1
2
if p is inert in K
([16, Theorem 1 in Chapter VI]). Thus, p satisfies the hypothesis of Lemma 8.2 if and only if{
p | dK ,
p ≡ 1 (mod 4) or
(
dK
p
)
= −1.
Theorem 8.4. There exists a p-adic Galois representation ρp∞ : Gal(Q/HK) → GL2(Qp)
whose image is a subgroup of WK,p∞ of index 1 or 2. In particular, if p is an odd prime which
does not split in K so that [K(p) : HK ] is even, then the image of ρp∞ coincides with WK,p∞.
Proof. For each n ≥ 1, we get by Proposition 7.2 and Remark 7.3 that
WK, pn = 〈ρpn(Gal(Lpn/HK)), −I2〉. (18)
Moreover, by Lemma 8.1 there is a positive integer k such that
WK, pn =
{
ρpn(Gal(Lpn/HK)), or
ρpn(Gal(Lpn/HK))⊕ 〈−I2〉
for all n ≥ k.
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Thus we obtain by taking inverse limit on both sides of (18) that
WK,p∞ = 〈lim←−
n≥1
ρpn(Gal(Lpn/HK)), −I2〉 in GL2(Zp). (19)
Let Lp∞ =
⋃
n≥1
Lpn . We then attain the Galois representation ρp∞ : Gal(Q/HK)→ GL2(Qp) by
composing the homomorphisms
Gal(Q/HK)→ Gal(Lp∞/HK) ∼→ lim←−
n≥1
Gal(Lpn/HK)
∼→ lim←−
n≥1
ρpn(Gal(Lpn/HK)) →֒WK, p∞ →֒ GL2(Qp)
where the first map is restriction and the second map is due to the inclusion
Lp ⊆ Lp2 ⊆ Lp3 ⊆ · · · .
And, we deduce by (19) that
[WK, p∞ : ρp∞(Gal(Q/HK))] = 1 or 2.
This proves the first part of the theorem.
In particular, let p be an odd prime which does not split in K so that [K(p) : HK ] is even.
Since ρpn(Gal(Lpn/HK)) contains −I2 for all n ≥ 1 by Lemma 8.2, we achieve by (18) that
ρp∞(Gal(Q/HK)) = lim←−
n≥1
ρpn(Gal(Lpn/HK)) =WK,p∞ .
Remark 8.5. Let p be a prime and k be a positive integer such that k ≥ 2 if p = 2. We
observe that
[Lpk : K(pk)] = 1
⇐⇒ Y[
0 1
pk
] ∈ K(pk) by Proposition 6.3
⇐⇒ Y[ 0 1pn ] ∈ K(pn) for all n ≥ k by Lemma 6.2
⇐⇒ [Lpn : K(pn)] = 1 for all n ≥ k by Proposition 6.3.
Thus, if [Lpk : K(pk)] = 1, then we have by the inclusion Lp ⊆ Lp2 ⊆ Lp3 ⊆ · · · and Corollary
4.2 that
Gal(Lp∞/HK) = Gal(
⋃
n≥k
Lpn/HK) = Gal(
⋃
n≥k
K(pn)/HK) = Gal(K(p∞)/HK) ≃WK, p∞/{±I2}.
9 Binary quadratic forms over Zp
Let p be a prime. In this section, we shall define a sufficiently coaser equivalence relation on the
set of primitive binary quadratic forms over Zp.
For each positive integer n and Q ∈ Qp(dK), we shall define
[Q]n = the class of Q in the extended form class group Cpn(dK).
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By Proposition 5.1 and Corollary 5.2, we have a commutative diagram of homomorphisms
C0, pn+1(dK) ∼ //

Gal(K(pn+1)/HK)

C0, pn(dK) ∼ // Gal(K(pn)/HK)
in which the right vertical map is the restriction and the left vertical map sends [Q]n+1 to [Q]n
for Q ∈ Qp(dK) such that [Q]n+1 ∈ C0, pn+1(dK). If we let
C0, p∞(dK) = lim←−
n≥1
C0, pn(dK),
then we get
C0, p∞(dK) ≃ lim←−
n≥1
Gal(K(pn)/HK) ≃ Gal(
⋃
n≥1
K(pn)/HK) = Gal(K(p∞)/HK). (20)
Let T =
[
1 1
0 1
]
, and so Γ1(N) = 〈Γ(N), T 〉 for every N ≥ 1.
Lemma 9.1. If ([Q1]1, [Q2]2, . . . , [Qn]n, . . .) ∈ C0, p∞(dK), then
([Q1]1, [Q2]2, . . . , [Qn]n, . . .) = ([Q
α1
0 ]1, [Q
α2
0 ]2, . . . , [Q
αn
0 ]n, . . .)
for some αn ∈ SL2(Z) (n = 1, 2, . . .) such that
Qα10 ∈ Qp(dK) and αn+1 ≡ αn (mod pnM2(Z)). (21)
Proof. We shall use the induction on n for the existence of αn satisfying (21).
(i) We get by Corollary 5.2 that
[Q1]1 = [Q
α1
0 ]1 for some α1 ∈ SL2(Z) such that Qα10 ∈ Qp(dK).
(ii) Assume that the assertion holds for n = k (≥ 1), and so there is a matrix αk in SL2(Z)
for which
[Qk]k = [Q
αk
0 ]k and αk ≡ αk−1 (mod pk−1M2(Z)).
Here, we set α0 = I2 for convenience.
(iii) We then find that
[Qk+1]k+1 = [(Q
αk
0 )
β ]k+1 for some β =
[
a b
c d
]
∈ Γ1(pk)
because [Qk+1]k = [Qk]k = [Q
αk
0 ]k
= [(QαkβT
−b
0 )
T b ]k+1
= [QαkβT
−b
0 ]k+1 because T
b ∈ Γ1(pk+1)
= [Q
αk+1
0 ]k+1 with αk+1 = αkβT
−b.
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Moreover, since β ∈ Γ1(pk), we get βT−b ∈ Γ(pk) and so
αk+1 ≡ αk (mod pkM2(Z)).
Therefore the assertion also holds for n = k + 1, which completes the proof.
Remark 9.2. Let αn ∈ SL2(Z) (n = 1, 2, . . .) satisfying the condition (21). Since
Qαn0 ≡ Qα10 (mod pZ[x, y]) (n = 1, 2, . . .),
we have
Qαn0 ∈ Qp(dK) = Qpn(dK).
Furthermore, we see that
[Q
αn+1
0 ]n = [(Q
αn
0 )
α−1n αn+1 ]n = [Q
αn
0 ]n
because α−1n αn+1 ∈ Γ(pn) ⊆ Γ1(pn). Thus we get
([Qα10 ]1, [Q
α2
0 ]2, . . .) ∈ C0, p∞(dK).
We obtain by Lemma 9.1 and Remark 9.2 that
C0, p∞(dK) = {([Qα10 ]1, [Qα20 ]2, . . .) | αn ∈ SL2(Z) such that αn+1 ≡ αn (mod pnM2(Z)) (n = 1, 2, . . .)} .
We shall say that an element of C0, p∞(dK) is in principal expression if it is expressed in the form
described as in the above set.
Define
Q0,Zp(dK) =
{
Qα0 | α ∈ SL2(Zp) such that the coefficient of x2 in Qα0 is a unit in Zp
}
.
Lemma 9.3. The subgroup {[
1 t
0 1
]
| t ∈ Zp
}
of SL2(Zp) acts on the set Q0,Zp(dK) as
Q[
1 t
0 1 ]
([
x
y
])
= Q
([
1 t
0 1
][
x
y
])
(Q ∈ Q0,Zp(dK), t ∈ Zp).
Proof. Since SL2(Zp) acts on the set
QZp(dK) =
{
ax2 + bxy + cy2 ∈ Zp[x, y] | gcd(a, b, c)Zp = Zp and b2 − 4ac = dK
}
,
it suffices to show that for Q ∈ Q0,Zp(dK) and t ∈ Zp, Q[
1 t
0 1 ] belongs to Q0,Zp(dK). Let
Q = Qα0 for some α =
[
a b
c d
]
∈ SL2(Zp)
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such that the coefficient of x2 is Q0(a, c) (∈ Z×p ). Then one can find that the coefficient of x2 in
Q[
1 t
0 1 ]
([
x
y
])
= Q
α[ 1 t0 1 ]
0
([
x
y
])
= Q0
(
α
[
1 t
0 1
][
x
y
])
= Q0
([
a at+ b
c ct+ d
][
x
y
])
is also Q0(a, c), which proves the lemma.
Definition 9.4. By Lemma 9.3, we can define the equivalence relation ∼0,Zp on the set
Q0,Zp(dK) as follows: For Q, Q′ ∈ Q0,Zp(dK)
Q ∼0,Zp Q′ ⇐⇒ Q′ = Q[
1 t
0 1 ] for some t ∈ Zp.
We denote the set of equivalence classes by
C0,Zp(dK) = Q0,Zp(dK)/ ∼0,Zp .
10 Construction of p-adic form class groups
Finally, we shall prove our second main theorem on the construction of a p-adic form class group.
We define a map ψ0, p∞ : C0, p∞(dK)→ C0,Zp(dK) by
ψ0, p∞
(
([Qα10 ]1, [Q
α2
0 ]2, . . . , [Q
αn
0 ]n, . . .)
in principal expression
)
=
[
Q0
(
lim
n→∞
αn
[
x
y
])]
.
Lemma 10.1. The map ψ0, p∞ is well defined.
Proof. Suppose that
([Qα10 ]1, [Q
α2
0 ]2, . . .) = ([Q
β1
0 ]1, [Q
β2
0 ]2, . . .) in C0, p∞(dK)
for some αn, βn ∈ SL2(Z) (n = 1, 2, . . .) such that Qα10 , Qβ10 ∈ Qp(dK) and
αn+1 ≡ αn (mod pnM2(Z)), βn+1 ≡ βn (mod pnM2(Z)) (n = 1, 2, . . .). (22)
We derive from [Qαn0 ]n = [Q
βn
0 ]n that
Qαn0 = (Q
βn
0 )
γn for some γn ∈ Γ1(pn).
Since the isotropy subgroup of Q0 in SL2(Z) is {±I2} ([23, Proposition 1.5 in Chapter I]), we
get
αn = βnδn with δn = γn or − γn. (23)
We then achieve by (22) that
δn+1 ≡ β−1n+1αn+1 ≡ β−1n αn ≡ δn (mod pnM2(Z)), (24)
which implies
δn =
{
γn for all n = 1, 2, . . . , or
−γn for all n = 1, 2, . . . .
(25)
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Here, we note that if p = 2, then γ1 ≡ −γ1 (mod pM2(Z)). Moreover, since lim
n→∞
δn exists in
SL2(Zp) by (24), so does lim
n→∞
γn by (25) and
lim
n→∞
γn =
[
1 t
0 1
]
for some t ∈ Zp (26)
because γn ∈ Γ1(pn). Hence we derive that
Q0
(
lim
n→∞
αn
[
x
y
])
= lim
n→∞
Q0
(
αn
[
x
y
])
= lim
n→∞
Q0
(
βnγn
[
x
y
])
by (23) and the fact Q0 is quadratic
= Q0
((
lim
n→∞
βn
)(
lim
n→∞
γn
)[x
y
])
= Q0
((
lim
n→∞
βn
)[1 t
0 1
][
x
y
])
by (26)
∼0,Zp Q0
((
lim
n→∞
βn
)[x
y
])
.
Therefore, the map ψ0, p∞ is well defined.
Let I0, p∞(dK) be the subset of C0, p∞(dK) given by
I0, p∞(dK) =
{
([Qγ10 ]1, [Q
γ2
0 ]2, . . .)
in principal expression
∣∣∣∣ Qγ0 = Q0 with γ = limn→∞ γn
}
. (27)
Lemma 10.2. The set I0, p∞(dK) is a subgroup of C0, p∞(dK).
Proof. Note first that the identity element ([Q0]1, [Q0]2, . . .) of C0, p∞(dK) belongs to
I0, p∞(dK).
Let ([Qα10 ]1, [Q
α2
0 ]2, . . .), ([Q
β1
0 ]1, [Q
β2
0 ]2, . . .) ∈ I0, p∞(dK) which are in principal expression.
If we let
α = lim
n→∞
αn and β = lim
n→∞
βn,
then we have
Qα0 = Q0 and Q
β
0 = Q0. (28)
And, we see that for each n ≥ 1
Q0
([
x
y
])
≡ Q0
(
α
[
x
y
])
≡ Q0
(
αn
[
x
y
])
(mod pnZ[x, y])
because αk ≡ αn (mod pnM2(Z)) for all k ≥ n. So we obtain by Lemma 5.4 that
([Qα10 ]1, [Q
α2
0 ]2, . . .)([Q
β1
0 ]1, [Q
β2
0 ]2, . . .) = ([Q
α1
0 ]1[Q
β1
0 ]1, [Q
α2
0 ]2[Q
β2
0 ]2, . . .)
= ([Qα1β10 ]1, [Q
α2β2
0 ]2, . . .)
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in principal expression. Furthermore, we get by (28) that
Q0
(
lim
n→∞
αnβn
[
x
y
])
= Q0
(
αβ
[
x
y
])
= Q0
(
β
[
x
y
])
= Q0
([
x
y
])
.
Thus I0, p∞(dK) is closed under the operation of C0, p∞(dK).
We find again by Lemma 5.4 that ([Q
α−1
1
0 ]1, [Q
α−1
2
0 ]2, . . .) in principal expression satisfies
([Qα10 ]1, [Q
α2
0 ]2, . . .)([Q
α−1
1
0 ]1, [Q
α−1
2
0 ]2, . . .) = ([Q0]1, [Q0]2, . . .),
which shows that ([Q
α−1
1
0 ]1, [Q
α−1
2
0 ]2, . . .) is the inverse of ([Q
α1
0 ]1, [Q
α2
0 ]2, . . .) in C0, p∞(dK).
Moreover, since
Q0
(
lim
n→∞
α−1n
[
x
y
])
= Q0
(
α−1
[
x
y
])
= Q0
(
α
(
α−1
[
x
y
]))
= Q0
([
x
y
])
by (28), ([Q
α−1
1
0 ]1, [Q
α−1
2
0 ]2, . . .) belongs to I0, p∞(dK). Therefore, I0, p∞(dK) is a subgroup of
C0, p∞(dK).
Remark 10.3. Here we present an example of K and p for which I0, p∞(dK) is nontrivial.
Suppose that dK ≡ 0 (mod 4), p ≥ 5 and p splits in K. Then we have
Q0 = x
2 − dK
4
y2 and
(
dK
p
)
= 1.
Take any ε ∈ Z×p and ν ∈ Zp such that
ε 6≡ ±1 (mod p) and ν2 = dK
4
,
by the assumption on p and Hensel’s lemma ([16, p. 43]). Let
γ =
[
ε+ε−1
2
ν(ε−ε−1)
2
ε−ε−1
2ν
ε+ε−1
2
]
∈ SL(Zp)
which satisfies
Qγ0 = Q0. (29)
Since the reduction SL2(Z) → SL2(Z/pnZ) is surjective (n = 1, 2, . . .), one can take a matrix
γn in SL2(Z) such that γn ≡ γ (mod pn), and hence
Qγ10 ≡ Qγ0 ≡ Q0 (mod pZ[x, y]) by (29),
γn+1 ≡ γn (mod pn) (n = 1, 2, . . .).
Thus, ([Qγ10 ]1, [Q
γ2
0 ]2, . . .) is an element of I0, p∞(dK) in principal expression again by (29).
Moreover, since the first entry of γ satisfies
ε+ ε−1
2
6≡ ±1 (mod p)
by the fact ε 6≡ ±1 (mod p), γ1 does not belong to 〈Γ1(p), −I2〉 and so [Qγ10 ]1 6= [Q0]1. Therefore,
([Qγ10 ]1, [Q
γ2
0 ]2, . . .) is a nontrivial element of I0, p∞(dK).
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Now, let φ0, p∞ : C0, p∞(dK)→ Gal(K(p∞)/HK) be an isomorphism described in (20).
Theorem 10.4. The set C0,Zp(dK) can be given a group structure so that
C0,Zp(dK) ≃ Gal(K(p∞)/HK)/φ0, p∞(I0, p∞(dK)).
Proof. Observe that the map
ψ0, p∞ : C0, p∞(dK) → C0,Zp(dK)
([Qα10 ]1, [Q
α2
0 ]2, . . .)
in principal expression
7→
[
Q0
(
lim
n→∞
αn
[
x
y
])]
is a well-defined surjection by Lemma 10.1 and the surjectivity of the reductions SL2(Z) →
SL2(Z/p
nZ) (n = 1, 2, . . .). Consider the map
ψ˜0, p∞ : C0, p∞(dK)/I0, p∞(dK) → C0,Zp(dK)[
([Qα10 ]1, [Q
α2
0 ]2, . . .)
in principal expression
]
7→ ψ0, p∞([Qα10 ]1, [Qα20 ]2, ).
Here we shall show that ψ˜0, p∞ is a well-defined bijection.
Let ([Qα10 ]1, [Q
α2
0 ]2, . . .) ∈ C0, p∞(dK) and ([Qγ10 ]1, [Qγ20 ]2, . . .) ∈ I0, p∞(dK) which are in
principal expression. We then see that
ψ0, p∞(([Q
α1
0 ]1, [Q
α2
0 ]2, . . .)([Q
γ1
0 ]1, [Q
γ2
0 ]2, . . .))
= ψ0, p∞([Q
γ1α1
0 ]1, [Q
γ2α2
0 ]2, . . .) by Lemma 5.4
= [Qγα0 ] where α = limn→∞
αn and γ = lim
n→∞
γn
= [Qα0 ] because Q
γ
0 = Q0
= ψ0, p∞([Q
α1
0 ]1, [Q
α2
0 ]2, . . .).
This observation claims that ψ˜0, p∞ is well defined.
For ([Qα10 ]1, [Q
α2
0 ]2, . . .), ([Q
α1
0 ]1, [Q
α2
0 ]2, . . .) ∈ C0, p∞(dK), which are in principal expression,
we deduce that
ψ˜0, p∞([([Q
α1
0 ]1, [Q
α2
0 ]2, . . .)]) = ψ˜0, p∞([([Q
β1
0 ]1, [Q
β2
0 ]2, . . .)])
=⇒ ψ0, p∞([Qα10 ]1, [Qα20 ]2, . . .) = ψ0, p∞([Qβ10 ]1, [Qβ20 ]2, . . .)
=⇒ [Qα0 ] = [Qβ0 ] with α = limn→∞αn and β = limn→∞βn
=⇒ Qα0 = Q
β[ 1 t0 1 ]
0 for some t = t0 + t1p+ t2p
2 + · · · ∈ Zp with t0, t1, t2, . . . ∈ {0, 1, 2, . . . , p− 1}
=⇒ Q0 = Qβ[
1 t
0 1 ]α
−1
0
=⇒ ([Qβ1T t0α
−1
1
0 ]1, [Q
β2T t0+t1pα
−1
2
0 ]2, [Q
β3T t0+t1p+t2p
2
α−1
3
0 ]3, . . .) ∈ I0, p∞(dK)
=⇒ ([Qα10 ]1, [Qα20 ]2, . . .)([Q
β1T t0α
−1
1
0 ]1, [Q
β2T t0+t1pα
−1
2
0 ]2, . . .) ∈ ([Qα10 ]1, [Qα20 ]2, . . .)I0, p∞(dK)
=⇒ ([Qβ1T t00 ]1, [Qβ2T
t0+t1p
0 ]2, . . .) ∈ ([Qα10 ]1, [Qα20 ]2, . . .)I0, p∞(dK) by Lemma 5.4
=⇒ ([Qβ10 ]1, [Qβ20 ]2, . . .) ∈ ([Qα10 ]1, [Qα20 ]2, . . .)I0, p∞(dK) because T ∈ Γ1(pn) (n = 1, 2, . . .)
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=⇒ ([Qα10 ]1, [Qα20 ]2, . . .)I0, p∞(dK) = ([Qβ10 ]1, [Qβ20 ]2, . . .)I0, p∞(dK).
This proves that ψ˜0, p∞ is injective, and so it is a well-defined bijection.
Now, we equip C0,Zp(dK) with a group structure so that ψ˜0, p∞ becomes an isomorphism.
Therefore we achieve that
C0,Zp(dK) ≃ C0, p∞(dK)/I0, p∞(dK) ≃ Gal(K(p∞)/HK)/φ0, p∞(I0, p∞(dK)).
References
[1] J. W. S. Cassels, Rational Quadratic Forms, London Mathematical Society Monographs 13,
Academic Press, Inc., London-NewYork, 1978.
[2] D. A. Cox, Primes of the Form x2 + ny2: Fermat, Class field theory, and Complex Mul-
tiplication, 2nd ed., Pure and Applied Mathematics (Hoboken), John Wiley & Sons, Inc.,
Hoboken, NJ, 2013.
[3] P. G. L. Dirichlet, Zahlentheorie, 4th edition, Vieweg, Braunschweig, 1894.
[4] I. S. Eum, J. K. Koo and D. H. Shin, Binary quadratic forms and ray class groups, Proc.
Roy. Soc. Edinburgh Sect. A 150 (2020), no. 2, 695–720.
[5] G. Frei, F. Lemmermeyer and P. J. Roquette, Emil Artin and Helmut Hasse-the Correspon-
dence 1923–1958, Contributions in Mathematical and Computational Sciences, 5. Springer,
Heidelberg, 2014.
[6] C. F. Gauss, Disquisitiones Arithmeticae, Leipzig, 1801.
[7] G. J. Janusz, Algebraic Number Fields, 2nd ed., Grad. Studies in Math. 7, Amer. Math.
Soc., Providence, R. I., 1996.
[8] H. Y. Jung, J. K. Koo and D. H. Shin, Primitive and totally primitive Fricke families with
applications, Results Math. 71 (2017), no. 3–4, 841–858.
[9] H. Y. Jung, J. K. Koo and D. H. Shin, Generation of ray class fields modulo 2, 3, 4 or 6
by using the Weber function, J. Korean Math. Soc. 55 (2018), no. 2, 343–372.
[10] H. Y. Jung, J. K. Koo and D. H. Shin, Primitive and totally primitive Fricke families with
applications (II), J. Math. Anal. Appl. 472 (2019), no. 1, 432–446.
[11] H. Y. Jung, J. K. Koo and D. H. Shin, On some extension of Gauss’ work and applications,
https://arxiv.org/abs/1905.11690, submitted.
[12] D. Kubert and S. Lang, Modular Units, Grundlehren der mathematischen Wissenschaften
244, Spinger-Verlag, New York-Berlin, 1981.
24
[13] J. K. Koo and D. H. Shin, Construction of class fields over imaginary quadratic fields using
y-coordinates of elliptic curves, J. Korean Math. Soc. 50 (2013), no. 4, 847–864.
[14] J. K. Koo, D. H. Shin and D. S. Yoon, On a problem of Hasse and Ramachandra, Open
Math. 17 (2019), no. 1, 131–140.
[15] S. Lang, Elliptic Functions, With an appendix by J. Tate, 2nd ed., Grad. Texts in Math.
112, Spinger-Verlag, New York, 1987.
[16] S. Lang, Algebraic Number Theory, 2nd ed., Springer-Verlag, New York, 1994.
[17] S. Lang, Algebra, 3rd ed., Grad. Texts in Math. 211, Springer-Verlag, New York, 2002.
[18] A. Lazano-Robledo, Galois representations attached to elliptic curves with complex multi-
plication, https://arxiv.org/abs/1809.02584.
[19] K. Ramachandra, Some applications of Kronecker’s limit formula, Ann. of Math. (2) 80
(1964), 104–148.
[20] J.-P. Serre, Proprie´te´s galoisiennes des points d’ordre fini des courbes elliptiques, Invent.
Math. 15 (1972), no. 4, 259–331.
[21] G. Shimura, Introduction to the Arithmetic Theory of Automorphic Functions, Iwanami
Shoten and Princeton University Press, Princeton, N. J., 1971.
[22] C. L. Siegel, Lectures on Advanced Analytic Number Theory, Notes by S. Raghavan, Tata
Institute of Fundamental Research Lectures on Mathematics 23, Tata Institute of Funda-
mental Research, Bombay 1965.
[23] J. H. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves, Grad. Texts in Math.
151, Springer-Verlag, New York, 1994.
[24] J. H. Silverman, The Arithmetic of Elliptic Curves, 2nd ed., Grad. Texts in Math. 106,
Springer, Dordrecht, 2009.
[25] P. Stevenhagen, Hilbert’s 12th problem, complex multiplication and Shimura reciprocity,
Class field theoryits centenary and prospect (Tokyo, 1998), 161–176, Adv. Stud. Pure Math.
30, Math. Soc. Japan, Tokyo, 2001.
[26] J. Weinstein, Modular curves at infinte level, 2013 Arizona Winter School in Tucson,
https://math.bu.edu/people/jsweinst/AWS/AWSLectureNotes.pdf.
Department of Mathematics
Dankook University
Cheonan-si, Chungnam 31116
Republic of Korea
E-mail address : hoyunjung@dankook.ac.kr
Department of Mathematical Sciences
KAIST
Daejeon 34141
Republic of Korea
E-mail address : jkgoo@kaist.ac.kr
25
Department of Mathematics
Hankuk University of Foreign Studies
Yongin-si, Gyeonggi-do 17035
Republic of Korea
E-mail address : dhshin@hufs.ac.kr
Department of Mathematics Education
Pusan National University
Busan 46241
Republic of Korea
E-mail address : dsyoon@pusan.ac.kr
26
